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USE OF EQUATIONS FOR TRANSFER OF PARTICLE
PULSATION CHARACTERISTICS FOR CALCULATING
TWO-PHASE FLOWS IN THE STABILIZED SECTION
OF A TUBE

B. B. Rokhman UDC 532.529:662.62

A stationary isothermal system of equations defining the behavior of a two-phase rising flow in the region of
steady motion of a gas suspension in an axially symmetric channel has been developed. The equation of mo-
tion of the carrying medium is closed using a one-parameter model of turbulence, and the equation of mo-
mentum transfer in the dispersed phase is closed with the use of the equations for the second, third, and
fourth moments of the pulsation velocities of the particles. The main mechanisms of two-phase turbulent flows
were numerically investigated.

It is difficult to experimentally investigate the mechanisms of mass and momentum transfer in two-phase turbu-
lent flows consisting of a gas and particles; therefore, of great importance is construction of mathematical models for
numerical investigations of such flows. To describe a gas-dispersion flow, it is necessary, first of all, to construct the
initial system of actual mass- and momentum-transfer equations. In [1], a change from a mixture with a discrete structure
to the motion of two continual media was done with the use of the statistical approach. By averaging the microequations
over the space, the Euler equations of mass and momentum conservation were obtained for each phase. In [2], these
equations were averaged over time by the Reynolds procedure. The system of equations obtained in this way was non-
closed because, in addition to the average values of the velocity, density, concentration, pressure, and other parameters, it
included the second moments of the pulsation characteristics of the gas suspension. The moments defining the solid phase
are usually calculated with the use of local-equilibrium models [2—4]. In these models, the turbulent shear stresses in the
dispersed phase are expressed in terms of the Reynolds stresses in the carrying medium. The pulsation characteristics of
the particles can also be determined from the gradient-type algebraic expressions constructed using the Boussinesq hy-
pothesis for a one-phase turbulent flow. Since most of the gradient-type models are constructed in a purely pheno-
menological way on the basis of an analogy with the corresponding transfer characteristics of one-phase flows, they
include a large number of empirical constants, which can lead to the appearance of significant errors in calculating the
parameters of the dispersed phase. Along with the local-equilibrium algebraic models defining the turbulent momentum
transfer in the dispersed phase, differential models including equations of transfer of the desired correlations are widely
used [5-7]. These models allow one to describe the nonlocal effects of transfer of the dispersed-phase pulsation charac-
teristics — the mechanisms of transfer of the turbulent momentum and the pseudoturbulent one (arising as a result of the
interparticle collisions). In this approach, the differential equations for the second moments include the third moments.
The Reynolds procedure allows one to construct the third-moment transfer equations that will include the fourth moments
and so on. Therefore, to obtain a closed system of equations, it is necessary to terminate this process at any stage, i.e., to
introduce additional hypotheses for the relations between the "higher" and "lower" correlations. In [6], the equations of
second-moment transfer were closed using gradient representations, such as (vpvpvp) = —N¢pd{(Vpvp)/0r). In [8], the equa-
tions for the correlations of the third-order pulsations of the dispersed-phase velocity were closed using the representations
of the fourth moments involved in the indicated equations in the form of the sum of products of the second moments.

In the present work, a mathematical model has been developed for calculating a rising gas-dispersion flow in
the stabilized region of a tube on the basis of the so-called two-fluid models in which a gas and a solid phase are
considered as mutually penetrating continuous media. This model includes equations for determining the second, third,
and fourth moments of the pulsation velocities of the particles with account for the interphase and interparticle inter-
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actions. The equation of motion of the carrying medium is closed on the basis of the one-parameter model of turbu-
lence extended to the case of two-phase turbulent flows [2]. In [9, 10], the equations of transfer of the correlations of
the pulsation velocities of the particles in the region of steady motion of the dispersed phase were constructed by a
special computational technique that includes two variants of closing of the equations for the third moments; these
variants differ by the method of determining the fourth correlations involved in the equations. In the first variant, the
indicated equations are closed using the Millionshchikov hypothesis, in accordance with which the fourth-order cumu-
lants are equal to zero and the fourth moments represent the sum of products of the second moments. This approach
makes it possible to obtain, using the equations for the third moments, algebraic relations for the third-order correla-
tions expressed in terms of the second moments and their gradients. In the second variant, the fourth-order correlations
are determined from the equations of transfer of the correlations themselves. In this case, the fifth moments involved
in these equations represent the sums of products of the second- and third-order correlations. This makes it possible to
obtain, using the equations for the fourth moments, algebraic relations for the fourth moments expressed in terms of
the second and third correlations and their derivatives. In the present work, we consider the case where the equations
for the variables (vivpvy), (Vpwpwp), (Vpvpwp)s (wpwpwp), (upipvp), and (wiviup,) are closed by the first variant (see
Egs. (30), (33)—(37) in [9]) and the equations for (ui)wi,wi)) and (u%vi,v%} are closed in accordance with the second
variant (see Eqs. (9), (11) in [10]).

The system of equations defining the behavior of a two-phase turbulent flow in the stabilized section of a
round tube includes

the momentum-transfer equation for the carrying medium and the solid phase
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Unlike [11], where the double correlation (upvp) involved in the averaged equation of particle motion was calculated using
the gradient representations (upvp> = nt,paup/ dr, we determined this variable from the equation of its transfer [10]:
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The system of equations (1)-(3) is nonclosed because Eq. (3) involves the unknown second-order correlations
iy, (wivh), (i), and (ufw)), third-order correlations (vy'), (upwiyy, (viwh), (whvp), and {wj), and the prod-
uct moments (upVe) and (ugVp,). These product moments are determined in accordance with the recommendations pro-
posed in [2], and the correlations related to the dispersed phase are determined from the system of equations (30),
(34)-(37), (39)—(41), proposed in [9], and from Egs. (9) and (11) with boundary conditions (13)—(15), (18), and (19),
proposed in [10]. Some of these equations we will use in the further numerical analysis. They are

the equation of transfer of the quantity (vj1,)
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the algebraic expression for the correlation (ui,ui,vi,)
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This system of equations was integrated by the method of marching with iterations on a nonuniform grid
bunched near the wall of the channel; in this case, the pressure gradient was eliminated by the known method de-
scribed in [12]. On the basis of the algorithm described, we have developed a program that was used for numerical
investigation of the main mechanisms of the rising gas-suspension flow.

We will consider four computational variants in which different mean velocities of the carrying medium (aver-
aged over the cross section of the tube) ug 1, and different particle sizes 5 are used: I) ug, = 8 msec, 6 = 0.2 1072 m
) ugm = 10 m/sec, 8 = 0.1- 1072 m; III) ugm = 15 m/sec, & = 0.05- 10 m; IV) ugm = 6.5 m/sec, 8 = 0.28: 107 m.
In all the variants, B = 0.0012, pg =13 kg/m , and pp = 1600 kg/m Figures 1-10 illustrate the features of the aero-
dynamics of a two-phase flow in a channel of radius R = 0.1 m. In Fig. 1, the calculated values of the longitudinal
velocities of the carrying medium and the solid phase in the stabilized region of a two-phase flow are presented. It is
seen from this figure that, in the central region of the channel, a decrease in the particle size from 028107 m to
0.05-107 m leads to a significant decrease in the velocity of the interphase sliding ug(r) — up(r) (curves 5 and 6 and 7
and 8 are compared). At the wall of the channel, where the velocity of the carrying medium tends to zero, the parti-
cles move more rapidly than the gas because of the action of the shear Reynolds stress (upvp> (see (1), the first term
of the second equation). Such behavior of the functions ug(r) and up(r) in the near-wall region is qualitatively consis-
tent with the experimental data [13] obtained for the stabilized section of a tube with a radius R = 0.015 m.

Figure 2 shows the distribution of the kinetic pulsation energy of the carrying medium in the region of steady
motion of the gas suspension. It is seen from this figure that, in the near-axis region 0 <7< 0.018 m, the turbulent
energy of the gas in variant IV is somewhat higher than that in variants I-III. This is explained by the fact that the
generation of the pulsation gas energy in the wakes after the particles G (see (2)) increases with increase in the di-
ameter of the dispersed phase. In the interval 0.018 m <r< 0.096 m, the rate of generation of the turbulent gas en-
ergy in the process of transformation of the averaged-motion energy into the energy of pulsations (the second term in
Eq. (2)) is higher in variant IIT than in the other variants ((dug/0r)iy > (Jug/dr)s, s = I, 11, IV); therefore, the values
of the function kg(r) in variant III are somewhat larger than those in variants I, II, and IV.
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Fig. 1. Profiles of the averaged axial velocities of the gas and the particles:
variant I: 1) Ug, 2) Up} II: 3) Ug, 4) Up; III: 5) Ug, 6) Up; v: 7 Ug, 8) Up.
Fig. 2. Profiles of the kinetic energy of the turbulent gas-velocity pulsations
kg: variant I (1), II (2), Il (3), and IV (4).
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Fig. 3. Profiles of the second correlation moments of the dispersed-phase ve-
locity pulsations: variant I: 1) (wpwp), 2) (Vpvp)s 11 3) (wipwp), 4) (Vpvp)s 1L
5) {wpwp)s 6) (vpvp)s IV: 7) (wpwp), 8) (vpvp)-
Fig. 4. Distribution of the shear Reynolds stress {wpvp,) over the cross section
of the flow: variant I (1), II (2), III (3), IV (4).

Figure 3 shows the distribution of the components of the chaotic-motion energy of the particles (wpwj) and

(v%v%) over the cross section of the flow. Analysis of the numerical results shows that the behavior of the function

(Vpvp)(r) (curve 6) depends mainly on the rate of generation of the particle pulsation energy (turbulent and pseudo-

turbulent) in the process of the interphase and interparticle interactions. In the region 0.0095 < r < 0.0668 m, the char-
acter of the dependence (vévi,)(r) is determined by the rate of generation of the turbulent dispersed-phase energy that

increases with increase in the function (v%vfg) (eighth term in Eq. (4)). In the region 0.0668 <r< 0.094 m, the de-

crease in the dependence {Vv,)(r) is caused by the large decrease in the value of (vjvg). In the region 0.094 <r<
0.0993 m, the rate of generation of the pseudoturbulent energy of the particles (the tenth term in Eq. (4)) significantly
exceeds the rate of generation of the turbulent pulsation energy of the particles because of the large increase in the

’

value of |dup/dr| (Fig. 1, curve 6). Therefore, the dependence (v,vj)(r) increases sharply in this region. Near the

’

wall of the channel, where > 0.0993 m, the function (vpvé,)(r) decreases as a result of the decrease in the rate of
generation of the pulsation energy of the particles.
It follows from the figure that the character of change in the curves (wéwé)(r) is close to the character of

’ ’

change in the curves {(Vvp)(r); in this case, the values of the functions (wpwp)(r) and (vpvj,)(r) for particles of small
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Fig. 5. Distribution of the second moments of the particle-velocity pulsations
over the cross section of the flow: variant I: 1) (upup), 2) (upwp), 3) (upvp);
variant 1I: 4) (upwy), 5) (upup), 6) (upvp); variant T 7) Cupwp), 8) (upup),
9) (upvp); variant IV: 10) Cupup), 11) (upwp), 12) (ui)vi)).

Fig. 6. Distribution of the third moment of pulsations of the dispersed-phase

radial velocity (v,vpvp) over the cross section of the flow: variant I (1), II (2),
III (3), and IV (4).

sizes are practically equal (curves 5, 6) and these functions for large particles are somewhat different (cf. curves 1 and
2, 3 and 4, and 7 and 8).

Figure 4 presents results of calculations of the shear Reynolds stress (wévi)) in the region of steady motion
of the gas suspension. It is seen from this figure that the function (wi)vé)(r) has a maximum at the point r = 0.076
m (curve 3). In the region 0.0095 <r< 0.076 m, this curve grows steeply, which is explained by the increase in the

’

rate of generation of the Reynolds stress (wpv,) under the action of the aerodynamic drag (the tenth and eleventh

’

terms in Eq. (5) ppB({vewp) + (vpwg))/T). In the region corresponding to the descending branch of the curve, the rate
of generation of the shear Reynolds energy decreases substantially due to the decrease in the functions (vﬁgwi,)(r) and
(vpwg)(r) in this region; as a result, the derivative d{wjv,)/dr becomes negative.

Figure 5 shows the distribution of the shear and normal Reynolds stresses over the cross section of the flow.
Analysis of the balance of the terms of Eq. (6) shows that the main contribution to the formation of the profile
(upup)(r) (curve 8) is made by the fifth, sixth, and eighth terms of the indicated equation. In the region 0.0095
<r< 0.08 m, where the influence of the interparticle collisions on the character of the curve <u£,u£,)(r) is small (the

’

eighth term of the equation), the rapid growth of the dependence (upup)(r) is due to the sharp increase in the func-

’ ’

tions (upvp)(r) (Fig. 5, curve 9) and (upug)(r) in this region. In the region 0.08 <r< 0.092 m, the rate of generation
of the turbulent energy of the particles (the sixth term in the equation) decreases as a result of the decrease in the

value of (upug), which leads to some decay of the curve (upup)(r). In the region 0.092 <r< 0.099 m, the rate of
generation of the kinetic pulsation energy of the particles in the process of transformation of the averaged-motion en-
ergy into the energy of pulsations (the fifth term in the equation) and the interparticle interactions increases because of
the large increase in the modulus of the gradient of the axial velocity of the particles |8up/8r|. Therefore, the func-
tion (ui,ué)(r) increases sharply in this region. Near the wall of the channel the rate of generation of the chaotic-mo-
tion energy of the dispersed phase decreases markedly, which leads to a decay of the curve (ui)ui))(r).

It is seen from this figure that the behavior of the curve (ui)vé)(r) in the region 0.095 <r< 0.078 m is simi-
lar in character to the dependence (ui)ué)(r) in this zone (cf. curves 8 and 9). The sharp increase in the function

(upvp)(r) in this region is due to the increase in the fifteenth ppB{vjvy)/du,/dr, seventeenth ppB(upvy)/T, and eight-

eenth ppP(uivy)/T terms of Eq. (3). In the peripheral region, on the one hand, the mixed correlation moments
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Fig. 7. Distribution of the third-order correlations (u,vpvj,) over the region of
steady motion of a two-phase flow: variant I (1), II (2).

’

Fig. 8. Distribution of the third correlation moment (upu,vj,) over the cross
section of the flow: variant I (1), II (2), III (3), and IV (4).

(upvg) and (ug)p,) are substantially decreased, and on the other the rate of generation of the shear Reynolds stress
(ui)vé) in the process of mutual transformations of the averaged-motion and chaotic-motions energies of the solid

’

phase (the fifteenth term of the equation) is increased, which leads to a decay of the curve (upv£)>(r) in this region.
When the dependences of the components of the particle pulsation energy (curves 5 and 6 in Fig. 3 and curve
8 in Fig. 5) are compared, it is apparent that the curve {upup)(r) is similar to the curves (wpwp)(r) and (vpvp) (7). In

’ ’ ’

this case, the values of the function (upup)(r) are much larger than the values of (wpwp)(r) and vpvp)(r). For exam-

’

ple, the ratio {upup)/{wpwp) is equal to 2.8 at the axis of the flow and 8.3 near the wall (r = 0.099 m), which points
to the fact that the field of the solid-phase pulsation energy is anisotropic.

In Fig. 6, the values of the third moment of the radial-velocity pulsations of the particles (v,jvp) in the re-
gion of stabilized gas-suspension flow are presented. The results of the calculations show that the second term in Eq.
9) 2’c(w£,v£,)2/ r is the main factor determining the increase in the dependence (Vjvvp)(r) (curve 3) in the region
0.0095 <7< 0.075 m. In the region 0.075 <r< 0.095 m, the dependence (v,Vjvp)(r) decreases due to the decrease in

4

the shear Reynolds stress (wjvp) and the increase in the radial coordinate r (curve 3 in Fig. 4). In the region 0.095
<r< 0.098 m, corresponding to the decaying branch of the curve (vévévﬁ)(r), the behavior of this curve depends sub-
stantially on the first term of the indicated equation, which is explained by the increase in the dependence (vév%)(r)

’

and in its derivative (curve 6 in Fig. 3). In the region 0.098 <r< 0.099 m, where the derivative d{vpvp)/0r tends to
zero, the function (vév%v;)(r) increases as a result of the decrease in the first term of the equation. The further in-
crease in the curve (vpvpyp)(r) in the region 0.099 <r< 0.0996 m is due to the change in the sign of the derivative
(a(v;vﬁ,)/ dr<0) and the increase in its absolute value. In the near-wall region where r> 0.0996 m, the dependence
(Vpvpvp)(r) decreases sharply, which is explained by the large decrease in the value of the second moment (vjvp).
Figure 7 shows the distribution of the third moment of the particle-velocity pulsations {upviv,) over the cross
section of the flow. In the region 0.018 <r< 0.06 m, corresponding to the rising branch of the curve (upvpvp)(r)
(curve 1), the behavior of this curve is determined by the third and eighth terms of Eq. (8). Here, the function
(upvpvp) (r) increases monotonically due to the growth of the curves (vpvp)(r) and (wpvp)(r) and the increase in the
absolute value of the axial-velocity of the particles |8up/8r| in this region (curve 2 in Fig. 1, curve 1 in Fig. 4,
curve 1 in Fig. 6). In the region 0.06 <r< 0.09 m, corresponding to the decaying branch of the curve (upvpvp)(»),
the behavior of this curve is determined by the first, third, seventh, eighth, and fourteenth terms of the indicated equa-
tion. The function (upvpvp)(r) decreases in the region 0.06 <r< 0.08 m, which is explained by the decay of the
curves (vpvpvp)(r) and (wpvp)(r) and the increase in the dependences (upvp)(r), (vpvp)(r), and (wpwp)(r) (curves 1

and 2 in Fig. 3, curve 3 in Fig. 5). When the coordinate r increases further (0.08 <r< 0.09 m), the function
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Fig. 9. Profiles of the third moment of the particle-velocity pulsations
(u;wﬁz): variant I (1), II (2), IIT (3), and IV (4).

Fig. 10. Profiles of the fourth moment of the particle-velocity pulsations
(Viutpwiyy: variant T (1), I (2).
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(vévi)vi))(r) becomes negative and its absolute value increases; therefore, the curve (upvvj,)(r) continues to decay in
this region. In the region 0.09 <r< 0.094 m, where the function (vjv,v)(r) and the gradient d(vyvj,)/0r tends to

r.r_ 7

zero, the growth of the curve (upvpvp)(r) is determined by the second and fourteenth terms of the equation. In the

near-wall zone 0.094 <r< 0.0994 m, the dependence (V,Vpvp)(r) increases rapidly and the ratio |8(v£)v£)>/8r| (the
first and third terms of the equation) increases substantially, which provides a further growth of the curve (upvivp)(r).

In Fig. 8, the values of the third correlation moment (upu,vp) in the region of steady motion of the two-
phase flow are presented. As the calculation results show, the behavior of the curve (upupvp)(r) (curve 1) is deter-

’or 7

mined by the rate of generation of the third moment (uju,v;,) in the process of transformation of the averaged-motion
energy into the energy of pulsations 2T{upupv},)duy/(30r) (the third term of Eq. (7)) and by the value of 2T(u£)w£))2/
(3r) (the fourth term of Eq. (7)). The curve (u;uﬁvi))(r) monotonically increases in the region 0 <7< 0.063 m as a
result of the increase in the correlation moments (upvpvp) (curve 1 in Fig. 7) and (upwp) (curve 2 in Fig. 5) and in
the absolute value of the derivative of the particle axial velocity |8up/8r| (curve 2 in Fig. 1). The dependence
(upupvp)(r) decreases in the region 0.063 <r< 0.082 m because of the decrease in the correlations (upvpvp) and
(upwp) and the increase in the coordinate r in this region. In the region 0.082 <r< 0.09 m, where the function

(uévévé)(r) takes negative values, the third term of the equation begins to prevail substantially over the fourth term

.77 ’or_7

due to the increase in the absolute value of the third moment (upvpvy); therefore, {upup,vp)(r) continues to decrease in

’or_ 7

this zone. In the peripheral region, where r> 0.09 m, the change in the curve (upupvp)(r) is determined by the behav-

r.r_ 7 ’

ior of the dependence (upvjvp)(r) in this region. For example, the sharp growth of the curve (upuﬁv@(r) in the region
0.09 <r< 0.099 m is explained by the rapid increase in the dependence (upvyvj,)(r), and the decrease in the function
(upupvp)(r) near the wall of the channel, where r > 0.099 m, is due to the decrease in the value of (upvpvp).
Figure 9 presents the results of calculations of the third moment of the particle-velocity pulsations (u%wi?).
These data point to the fact that the function (ui)wg)z)(r) increases when the velocity of the gas increases and the di-
ameter of the solid phase decreases.
In Fig. 10, the distribution of the correlation (v; u;wﬁz) over the cross section of the flow is shown. When the

7

dependences (uﬁwﬁz)(r) (curve 3 in Fig. 9) and (vpu%wi, Y(r) (curve 2 in Fig. 10) are compared, it is apparent that the
values of the function (uﬁwﬁz)(r) are higher than the values of (vjupwj, )(r) in the central region of the channel 0
<r< 0.055 m and, in the peripheral region 0.055 <r< 0.098 m, the value of (vi)uéwi)z) substantially exceeds the
value of (uéwi)z), which points to the necessity of taking into account the fourth correlations of the particle-velocity
pulsations in calculating the aerodynamics of two-phase turbulent flows.

Thus, the mathematical model proposed allows one to correctly calculate the aerodynamic structure of a two-

phase flow in the region of steady motion of a gas suspension. Our numerical investigations have shown that (1) the
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behavior of monodisperse particles is determined, along with the turbulent transfer of the solid phase, by the pseudo-
turbulent effects arising as a result of the collisions between particles in the process of their averaged motion. The tur-
bulent energy of the particle chaotic motion in the central part of the channel substantially exceeds the pseudoturbulent
energy, and the pseudoturbulent energy is a determining factor in the peripheral zone where the turbulent energy is
small; (2) the pulsation-energy components of the particles (upup,), (wpwp), and (vpvp) are substantially different,
which points to the fact that the field of the solid-phase pulsation energy is anisotropic; (3) the fourth moments of the
particle pulsation velocities can influence the behavior of the dispersed phase more strongly that the third moments,
which should be taken into account in calculating such systems.

NOTATION

Cy, C3, empirical constants; F, force, kg/(secQ-mz); G, generation of the turbulent gas energy in the wakes
after the particles, kg/(sec3-m); g, free fall acceleration, m/secQ; K, coefficient of velocity recovery in the process of an
impact; k, kinetic pulsation energy, mz/secz; N, frequency of impacts, 1/sec; P, gas pressure, N/mz; R, radius of the
channel, m; r and z, radial and longitudinal coordinates, m; u, v, w, averaged components of the velocity vector,
m/sec; B, true volume concentration of particles; 8, diameter of a particle, m; €, dissipation of the pulsation energy,
mz/sec3; M, kinematic viscosity, mz/sec; p, density, kg/m3; o, empirical constant; T, time of the dynamic relaxation of
a particle, sec. Subscripts: a, aerodynamic drag of a particle; g, gas; k, kinematic pulsation energy of the gas; m, mean
velocity of the gas (averaged over the cross section of the tube); n, normal; p, particle; t, turbulent pulsations; T, tan-
gential; ’, pulsation component in the time averaging; ( ), time averaging.
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